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Abstract
In this note, we study both the small and large dimension D limit of the tunneling model of
Hwaking radiation proposed by Parikh and Wilczek[1]. We confirm that the result Γ ∼ e∆S is
still valid for arbitrary D > 3. The sensible large D limit is given by
√
D ≪ r0 in order to have
nonzero radiation. On the other hand, the sensible small D limit is given by taking D = 3 + ǫ
as a continuous parameter. We also explicitly show the leading order correction to the thermal
radiation and discuss its connection to the two-dimensional dilaton gravity.
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I. INTRODUCTION
It was argued and shown in [2] that in the limit N → ∞, General Relativity dra-
matically simplifies and 1/N could serve as a useful expansion parameter. Dynamics of
a black hole with the horizon r0 is controlled by two relevant small scales: r0/
√
D due
to horizon area and r0/D form the strong localization of gravitational potential. In this
paper, we would like to confirm prediction from the tunneling model of Hawking radiation
proposed by Parikh and Wilczek and study its nonthermal correction in the limits of large
and small D. We start with a brief review of the D-dimensional black hole metric and
its thermal quantities. A D-dimensional Schwarzschild black hole metric is given in the
Schwarzschild-Tangherlini form[3]:
ds2 = −f(r)dt2s + f(r)−1dr2 + r2dΩ2D−2,
f(r) = 1− (r0
r
)D−3 (1)
where r = r0 is the horizon such that r
D−3
0 =
16π
(D−2)ΩD−2M . The volume of unit sphere
ΩD−2 = 2π
(D−1)/2
Γ(D−1
2
)
. The Hawking temperature is given by
TH =
D − 3
4πr0
. (2)
The apparent singularity at the horizon can be removed by a coordinate transformation
of the Painleve`-type:
t = ts + r
(D−3)/2
0
∫
dr√
rD−3 − rD−30
, (3)
which brings into the metric suitable for our purpose:
ds2 = −(1 − (r0/r)D−3)dt2 + 2(
r0
r
)(D−3)/2dtdr + dr2 + r2dΩ2D−2. (4)
We remark that the tunneling process across the horizon happens in this stationary vac-
uum, instead of static one given by metric (1).
II. TUNNELING MODEL IN D DIMENSIONS
In this section, we apply the Parikh-Wilczek tunneling model[1] toD-dimensional black
hole and obtain the general expression for tunneling rate in D dimensions. We regard
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radiation as a shell of energy ω moving in the geodesics of a spacetime with M replaced
by M − ω due to back reaction, where the radial null geodesics are given by
r˙ ≡ dr
dt
= ±1−
√
(
rω
r
)D−3. (5)
rω denotes the horizon after radiation, such that r
D−3
ω =
16π
(D−2)ΩD−2 (M − ω). The WKB
approximation states that the emission rate Γ ∼ e−2ImS , where the imaginary part of
action reads
ImS = Im
∫ rout
rin
prdr = Im
∫ M−ω
M
∫ rω
r0
dH
r˙
dr, (6)
for Hamiltonian H = M − ω′. The half line contour integral in the complexified r-plane
picks up a residue at r = rω′ , that is∫ rω
r0
dr
r˙
=
2πi
D − 3
( 16π
(D − 2)ΩD−2
(M − ω′))1/(D−3). (7)
After substituting this result into integral (6), one obtains
− 2ImS = 4π
D − 2
( 16π
(D − 2)ΩD−2
) 1
D−3M
D−2
D−3
(
(1− ω
M
)
D−2
D−3 − 1) = ∆SBH , (8)
which is exact the change of Bekenstein-Hawking entropy after radiation of energy ω
for a D-dimensional Schwarzschild black hole. This explicit calculation illustrates that
the Parikh-Wilczek tunneling model of Hawking radiation in arbitrary dimension D > 3
predicts the same result, that is Γ ∼ e∆SBH .
III. LARGE D CORRECTION TO THE EMISSION RATE
In this section, we take large D limit of emission rate to see its correction to thermal
spectrum. For ω ≪M , we can expand
∆S ≃ − 4π
D − 3r0ω +
4π
(D − 3)2 r0
ω2
M
+ · · · (9)
The first term is nothing but Hawking’s thermal radiation. We see that naively sending
D →∞ corresponds to a black hole at infinite temperature. If at the same time keeping
r0/D finite, it corresponds to that at finite temperature. Both limits give rise to a trivial
emission rate thanks to vanishing first term in (9) for sufficiently small ω. On the other
hand, the sensible limit which keeps the first term finite while ω ≪ M is given by that
r0/
√
D ≫ 1. It was pointed out in [2] that the length scales like r0/
√
D in D dimensions,
so this nontrivial limit asks for a black hole of sizable area to ensure a significant radiation.
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The emission rate after receiving nonthermal correction from the second term in (9) reads
Γ = e(
√
D/r0)DΓ0, where the usual Hawking thermal radiation Γ0 ≡ e−ω/TH and ω/TH ∼
O(1) is assumed. Practically speaking, for a ratio r0/
√
D ≃ O(100), the correction only
appears at the eighth decimal place for D = 4, and neglectable for any large D.
IV. SMALL D CORRECTION TO THE EMISSION RATE
It is also interesting to investigate (9) for small dimensions, say D → 3+[4]. To do
that, we let D = 3 + ǫ and then send ǫ → 0. This limit gives rise to zero temperature
and no radiation. For nonvanishing thermal radiation, one needs that r0ω ≃ ǫ for a finite
first term in (9), while importance of the nonthermal correction could vary with different
scaling. For instance, if one further scales ω/M ∼ O(ǫ), the correction term in (9) would
have the same order as the first one.
V. DISCUSSION
We have demonstrated that the tunneling model of Hawking radiation predicts the
same result Γ ∼ e∆S in arbitrary dimension D. In particular, one can fix the scale r0/D
for nonvanishing Hawking temperature, or r0/
√
D for nonzero Hawking radiation. The
nonthermal correction is also obtained in terms of D. Several comments are in order:
Firstly, a different way of taking large D limit of black hole was studied in the di-
mensionally continued gravity[5], where the function f(r) in the metric (1) is replaced by
f(r) = 1+ r
2
L2
− ( r0
r
)
2(D−Dc)
(Dc−1) , for some critical dimension Dc ≥ 3. In particular, in the limit
D,L→∞ but keepingD/Dc fixed, the solution becomes asymptotically flat and temper-
ature is finite. Due to the higher-curvature terms in the action, the Bekenstein-Hawking
area law is disobeyed and S ∝ AD−DcD . Nevertheless, we still find that the result Γ ∼ e∆S
is valid. Our observation is that the Parikh-Wilczek tunneling model predicts the same
result as long as the first law of thermodynamics is satisfied1. This reflects the fact that
the tunneling model respects conservation of energy, which is the very spirit of the first
law. Observing our result that emission rate for tunneling model takes a universal form
1 In this particular limit, the black hole mass M ∼ r
D−Dc
0
2G , Hawking temperature T ∼ h¯(D−Dc)2piDcr0 and
Bekenstein-Hawking entropy S ∼ piDcr
D−Dc
0
h¯G(D−Dc)
[5]. It is straightforward to check that the first law of
thermodynamics dM = TdS holds.
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Γ ∼ e∆S for arbitray dimension D > 3 and extended theories of gravity which respects
energy conservation, one tends to believe that the concept of spacetime may be irrelevant
in some parts of formulation of quantum gravity, as suggested in the [6].
Secondly, the Parikh-Wilczek model, as a WKB approximation, can receive further
quantum correction. One example was provided by [7] for one-loop correction to surface
gravity. As a result, the Bekenstein-Hawking area law receives a logarithmic correction,
that is S = 4πM2−4πα ln (1 + M2
α
), where α is related to the trace anomaly. The change
of entopy is modified as[7]:
∆S = −8πMω + 4πω2 + 4πα ln α +M
2
α + (M − ω)2
≃ −8πMω + 4πω2 + 2M
M2 + α
ω + · · · , (10)
where approximation in the second line shows an expansion for small ω. If one considers
the same limit adopted in the section III and IV for finite emission, that is ω/TH ∼ O(1)
or equivalently ωM ∼ O(1), then the logarithmic correction (last term on second line)
could be comparable to the nonthermal term for α ≪ M2. However, one expects that α
also grows like D and could compete with the M2 term, which grows like r2D0 /D
D ≫ 1.
Then the logarithmic correction could be ignored if r0 is chosen such that α≫ M2.
At last, we would like to comment on its connection to the dilaton gravity in
two dimensions[8]. Following the discussion in [8, 9], the Euclidean D-dimensional
Schwarzschild black hole solution can be dimensionally reduced to a dilatonic black hole
in two dimensions with the action:
I = − 1
2G2
∫
d2x
√
g
[
XR− U(X)(∂X)2 − 2V (X)], (11)
where the dilaton field X = X(r) for a static solution. Several relevant functions and
potentials are defined by
U(X) = − 1
X
D − 3
D − 2 ,
Q(X) =
∫ X
dX ′U(X ′),
V (X) = λe−2Q(X)U(X),
w(X) = −2
∫ X
dX ′eQ(X
′)V (X ′). (12)
The Hawking temperature then is given by
TH =
w′(X)
4π
∣∣
X=Xh
. (13)
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Here without loss of generality, we normalized the coefficient of proportionality λ such that
X = Xh = 1 at the horizon. For large D, one can reproduce the Hawking temperature in
(2) for the following assignment of functions:
U(X)→ − 1
X
, Q = − lnX,
V (X) = −λX, w = 2λX, (14)
and λ = D−3
2r0
. As to D = 3 + ǫ with small ǫ, one obtains:
U(X)→ − ǫ
X
, Q = −ǫ lnX,
V (X) = −λǫX2ǫ−1, w = 2λXǫ, (15)
and the choice λ = 1
2r0
. The limit ǫ → 0 gives rise to trivial potentials and constant
w = 2λ, implying zero Hawking temperature and no radiation. This result agrees with the
observation in the section IV. It is worth seeking a model of varying effective dimensions
to match the nonthermal radiation in the Parikh-Wilczek model with or without one-loop
correction. We will leave this for the future study.
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